Differential Equations
Homework 9
Due April 10, 2024, 9:59 am

Note:

e Please show all of your work (writing a list of answers is not sufficient).
e Please indicate the people you worked with.

e Please staple your HW.

e Several random problems will be graded (1 point each).

1. Find a general solution of

(a)
y// + 16y — eSz

Y=Y+
1. yc
y' +16y =017+ 16 =0 — r = +4i
Yo = Cf cos (4z) + Cy sin (4x)
2. yp
Let
Yp = Ae3®
Then,
yzlJ = 34e3, yg = 9A4e3,
and
1
y//+16y:€3x_>9A63w+16A63m:esx—>25A€3x:63m—)A:275
Thus
1 3z
Yp = %6

and the general solution is

1
y = C cos (4x) + Cy sin (4z) + 2756396



y'—y —2y=3r+4

y:yc+cp

v =y —2y=0—=12—r—-2=0-(r—-2)(r+1)=0—>7r=—1,2

Yo = Cre™ 4+ Che?®

2. yp
Let
yp =Axr + B
Then,
y;; = A7 y;;/ = 07
and

y'—y =2y =3r+4 - 0-A-2(Arx+B) =32+4 — —2Azx —(A+2B) = 3z +4
N~ —]/ ———

=3 ~
3 5
Thus 5 5 ]

and the general solution is

1
y = Cre " + Cpe® — (62 +5)



y" — 1y — 6y = 2sin (32)

y:yc+cp

v =y —6y=0—=1r2—r—6=0—-(r—3)(r+2)=0—-7r=-2,3

Yo = Cre 2" + Cae®

2. yp
Let
yp = Acos (3x) + Bsin (3x)
Then,
y, = —3Asin (3z) + 3B cos (3z),y, = —9A cos (3z) — 9Bsin (3z),
and

y" — 1y — 6y = 2sin (32)
— (=9Acos (3z)—9B sin (3z))—(—3Asin (3x)+3B cos (3z))—6(A cos (3z)+ Bsin (3x)) = 2sin (3x)
— (—15A — 3B) cos (3z) + (—15B + 3A) sin (3z) = 2sin (3x)
———

N—
=0 =2
— —154—-3B=0,3A—15B =2
A:JgB:—i
39 39

Thus

cos (3x) — 5 sin (3x)

Ir = 39 39

and the general solution is

1 )
y = Cre 2 + Cre® + 39 €05 (3z) — 39 sin (3z)



y' +2y -3y =14 ze”
y:yc+cp

V' +2) —3y=0-r’42r—3=0—(r+3)r—1)=0—-r=1,-3

Yo = C1e” 4 Che™"

2. yp
Let
yp=A+ (Bx+C)e® = A+ Bzxe®+ (e” (not working)
part of y.
Let

yp = A+ (B + C)e” = A+ (Ba? + Cx)e® = A + Ba?e” + Cre” (working)
Then,
Yy = (2Bx + C)e® + (Ba® 4+ Cz)e” = Ba’e” + (2B + C)ze” + Ce”

Yy = 2Be*+(2Bx+C)e*+(2Bx+C)e®+(Baz+Cx)e® = (2B+20)e®+(4B+C)xe®+ Ba?e®

and
'+ 2y -3y =1+ xe”

— ((2B+2C)e* +(4B+C)ze® +Bx*e®)+2(Bz?e* +(2B+C)ze® +Ce®) —3( A+ Bz2e®+Cxe®)
=1+ ze”
— —3A+ (2B +4C)e" + (8B) ze® = 1 + xe”
M~ —— ~—~—

=1 =0 =1
— —-3A=1, (2B+4C)=0, 8B=1
1 1 1
A=—-—— B=-(C=——
3’ 8’ 16
Thus 11 1
Y ="3 + éxze"” - Exe‘”

and the general solution is

1
y = Cre® + Coe 3% — = 4+ —z2e® — —ze®



y" + 9y = 2cos (3z) + 3sin (3x)

Y=9Yc+ Cp
L. ye
Y 4+ 9y =0—=r"+9=0—7r=+3
Yo = C1 cos (3z) + Cysin (3x)
2. yp
Let
yp = Acos (3x) + Bsin (3z)(same as y.) — not working
Let
yp = x(Acos (3z) + Bsin (3z)).

Then

Yy, = (Acos (3z) 4+ Bsin (3z)) + 3z(—Asin (3x) + B cos (31))

y, = (—3Asin (3x)+3B cos (3z))+3(—Asin (3x)+B cos (3x))+9x(— A cos (3x)— Bsin (3x))
and
y" + 9y = 2 cos (3x) + 3sin (3x)
— (—=3Asin (3z)+3B cos (3z))+3(—Asin (3x)+B cos (3z))+92(— A cos (3x) — Bsin (3z))+92 (A cos (3z)+ B sin (3z))
= 2cos (3z) + 3sin (3x)
— 6]_;3 cos (3x) —6Asin (3z) = 2 cos (3x) + 3sin (3z)
= =3
6B =2,—6A=3
pola_
3 2
Thus ] 1
Yp = —5 cos (3x) + 3% sin (3x)

and the general solution is

1 1
y = Cj cos (3x) + Casin (3z) — % cos (3z) + 3% sin (3x)



2. Set up the appropriate form of a particular solution y,, but do not determine the
value of coefficients

(a)
y" — 2y + 2y = e”sin (x)

24 /41— 4(2)

5 =19

y' =2 +2y=0—=1r—2r+2=0—r=

ye = Cre* cosx + Cye” sinw

2. Yp
yp = Ae*(Bcosz + Csinz) = De” cosx + Fe’sinz

It is same as y.. Thus, multiply z and obtain

yp = ze®(Dcosz + Esinx)
(b)
yW + 5y" + 4y = sin () + cos (2z)
1. ye
4 " _ 4 2 _ 2 2 _ . :
Yy +5y  +dy=0—=>r"+5r"4+4=0— (r"+1)(r*+4) =0 —=r=%i,£2
ye = Cicosz + Cysina 4+ Cs cos (2x) + Cysin (22)

2. yp
yp = Asina + Bcosz + C cos (2z) + D sin (2x)

It is same as y.. Thus, multiply z and obtain

yp = x(Asinz + Bcosx + C cos (2x) + Dsin (2z))



3. Solve the initial value problem

(a)
y' +4y =2z, y(0)=1,4(0) =2

Y=Y+ Yp
1. vy
V' +dy=0—-r +4=0—r==2
ye = C1 cos (2z) + Cy sin (2x)
1y,
Let
yp = Az + B
Then,
Yp=Ay, =0
and
" . . B
y'+4y =22 — 0+ 4(Az+ B) =2z — 4A v+ 4B, =2z
=2 =0
4A=2,4B=0
—>A—1 B=0
=5 B=
1
= -
Yp 5

The general solution is
. 1
Yy =ye + yp = C1 cos (2z) + Cysin (2x) + 5%
Using the initial condition
) 1
y(0) = C1cos 0+ Casin0 + 50 =1-C1=1

1 3
y'(0) = —2C; sin 0 4 2C5 cos 0 + 5= 2= Cy= 1
Therefore,

3 1
y = cos (2x) + 1 sin (2z) + 2%



y" + 9y =sin (22), y(0) =1,4(0) =0

Y=Y+ Yp
1. vy
Y+ =0—=1"+9=0—r==+3

ye = C4 cos (3x) + Cy sin (3z)
Loy
Let

yp = Acos (2x) + Bsin (2x)

Then,

y, = —2Asin (2z) + 2B cos (2z),y, = —4Acos (2z) — 4B sin (2x)
and
y" + 9y = sin (2z)
— —4Acos (2x) — 4B sin (2x) + 9(A cos (2z) 4+ Bsin (2z)) = sin (2z)

. . 1
— BHA cos(2z)+ 5B sin (2z) =sin(2z) » A=0,B = -

)
=0 =1

1
U =5 sin (2z)

The general solution is
Yy = ye+ yp = Cy cos (3z) + Cysin (3z) + % sin (2x).
Using the initial condition
y(0) = Crcos0+ Cosin0 + %sinO =1=C =1

2 2 2
y'(0) = —3C1 sin 0 + 3Cs cos 0 + gcos() =3Cy + E = 0— Cy= BT

Therefore,

2 1
y = cos (3x) — T sin (3x) + R sin (2z)



