Differential Equations
Homework 8 (Optional)
Due Mar. 25, 2024, 4:00 pm

Note:

e Please show all of your work (writing a list of answers is not sufficient).
e Please indicate the people you worked with.

e Please staple your HW.

e Several random problems will be graded (1 point each).

1. Find general solutions of the differential equations

(a)
y"+6y +9y =0

Let
y — eTI'
/
y =re’™
n__ ,,,,267‘117

Then, the differential equation becomes

y' 4+ 6y +9y =0 r2e” +6re"" + 9 =01 +6r+9=0

(r+3)> =0 — r = —3(repeated root) — y; = € > yy = ze>°

General solution
Y= 0167396 + ngefgm



4y — 12y +9y =0

Let
y = el
y/ — re'®
y// — ,r2€'r:c

Then, the differential equation becomes

4y =12y 4+ 9y =0 = 4r%e™ — 12re’* + 9™ =0 — 41> —12r + 9 =0

3
(2r—32%2=0—r= i(repeated root) — y; = e%x, Yo = ze2®

General solution s 5
y = Cre2” + Caze2”



y' —6y +13y =0

Let
y = e’
y/ — re'®
y// — ,r2€'r:c

Then, the differential equation becomes
' —6y +13y =0 — r2e™ —6re™ +13¢"* =0 —> 1> —6r+13=0

T_6i\B6—MB)_6iM—w
- 2 - 2

3

=342 -y = e cos 2z, yp = €37 sin 2z

General solution
y = C1€3 cos 2z + Cye® sin 2z



y" 4+ 8y +25y =0

Let
y = el
/ rT
Yy =re
y// — ,r2€'r:c

Then, the differential equation becomes
'+ 8y + 25y =0— r2e™ +8re™ +25¢" =0 > 12+ 8 +25=0

—8+ /64 —4(25) —8++/—36
r = =
2 2

4

= —443i — y; = e *cos (3x),y2 = e *¥sin (3x)

General solution
y = Cre % cos 3z + Che * sin 3z



yW +3y" —dy =0

Let
y = erac’y/ _ T,erm’ y// _ ,r,2€7"x’y(3) _ T3€rac’y(4) _ r4erac

Then, the differential equation becomes
y(4) +3y —dy =01t +3r2" — 4" =05t +3r2—4=0

(r2+4)(r2—1) —>r=®22i,r=-1,1—>y = "% cos 21, Yy = e* sin2x,ys = e*,ys = e~

General solution

y = C1cos2x + Cosin 2z + C3e” + Cpe™™

xT



y @ —8y" +16y =0
Let

y = erac’y/ _ T,erm’ y// _ ,r,2€7"x’y(3) _ r3€rac’y(4) _ r4erac

Then, the differential equation becomes
y W — 8y + 16y =0 — rte™ — 8r2e™ + 16 =0 — 1 — 8 +16 = 0

(r*—4)*> =0 = (r*=4)(r*=4) = 0, = (r=2)(r+2)(r-2)(r+2) =0 — (r-2)*(r+2)> =0
— r = —2 (repeated roots) ,2 (repeated roots)
-y = 672m,y2 — xeme’yg — e2x7y4 — erz

General solution

y = Cre 2% + Coze 2 4+ C3e®® + Cyxe®™®



2. Solve the initial value problems

(a)
9y" + 6y +4y = 0,y(0) = 3,4'(0) =4
Let
y — 67"27
y/ — ,rerx

"
y' = TQG'I’:B

Then, the differential equation becomes

9y + 6y +4y =0 — 9r2e™ +6re™ +4e™ =0— 92 +6r+4 =0

L —6=/36—4(9)) _
= = -

6+ V=108 _ 1,
18 — 3!

Sl-

Y1 :e*% cos( ),yQ :.cf% sin(

5
3

General solution

_z €
y=cie 3 cos(—

\/3) + coe” 3 sin (—=)

8

0 0 0 0
0)=cie 3cos(—=)+cge 3sin(—=)=c1 =3
y(0) =1 (\/g) 2 (\/g) !
T X T
=3e 3cos(—=) + cge” 3 sin(——

Therefore

y = 3e”5 cos (%) +5v/3e 75 sin (i)

=



(b)
y® +10y" + 255" = 0,4(0) = 3,/(0) = 4,4(0) = 5

Let

y = erx,yl _ ,r,em:’y// _ 7“267%,3/(3) — 3¢

Then, the differential equation becomes

y3) £ 100" + 25y = 0 — 73’ 4+ 10r2e’™® + 25re™ = 0 — > + 10r% 4+ 25r = 0

r(r+52=0—=r=0,-5-5—=y =e% yp=e % y3 = ze "

General solution
y=0C1+ 026_5r + Cg$€_5m

y(O) =C1+Cy=3
y'(O) =-5Cy+C3=4
y”(()) =25Cy —10C3 =5
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